The problem we consider in this paper was raised in [3] . Suppose T is a torus on the boundary of an orientable 3-manifold X, and S is a surface on ∂X − T which is incompressible in X. A slope γ is the isotopy class of a nontrivial simple closed curve on T . Denote by X(γ) the manifold obtained by attaching a solid torus to X so that γ is the slope of the boundary of a meridian disc. Given two slopes γ 1 and γ 2 , we denote their (minimal) geometric intersection number by ∆(γ 1 , γ 2 ).
exterior of K. Note that in Theorem 2 we can not conclude that there are at most three surgeries to make S compressible: There may still be some annulus with one boundary on ∂M and the other a meridian curve on ∂N (K).
In Theorem 1, if X contains some incompressible annulus with one boundary in S and the other in T , then S may be compressible in X(γ) for infinitely many γ. (See [3, Thm 2.4.3] ). Examples are presented in [1, 2, 4] where ∂M is compressible in (M, K; γ)
for three different slopes, and yet there is no incompressible annulus between ∂M and ∂N (K). So the above theorems are the best possible. Nevertheless, we notice that the theorems are still true if S is a properly embedded surface: Cutting the manifold along S, we will get back to the situation in the theorems.
In section 1 we will prove Theorem 2 under the additional assumption that K can be isotoped to α ∪ β, where α is an arc in ∂M , and β is an arc properly embedded in M so that ∂M − ∂β is compressible in M − β. Any compressing disc of ∂M in M will intersect K. The above hypothesis means that K is not "very knotted". The intersection can be arranged to be on a boundary arc α. Examples of such knots are presented by the 1-bridge knots, in which case the arc β can be isotoped rel ∂β to an arc β on ∂M , but no such β can be disjoint from α.
The first proof of Theorem 2 was then completed by a result of Gordon and Luecke (unpublished) . Using the "representing all type" techniques developed in [5] , they were able to prove that if ∆(m, γ) = 2, then there exist compressing discs of S in M and (M, K; γ) such that one of the intersection graphs Γ 1 , Γ 2 contains at least n parallel boundary edges. It is easy to see that in this case K can be isotoped to α ∪ β satisfying the hypothesis of Proposition 1, and the result follows. Sections 2 and 3 play the same role as the above result of Gordon and Luecke, but the proof is more elementary in the sense that we only use the results of [3] , and the argument is simpler. In section 2, we reduce the proof of Theorem 2 to the existence of some bands in M with certain "nice" properties. Then in section 3 we apply some results of [3] to show that such nice bands exist if ∆(m, γ) ≥ 2. This will complete the proof.
I am grateful to John Berge, Cameron Gordon and John Luecke for lots of discussions, which were essential to the completing of this work.
A Special Case
Let K be a knot in a 3-manifold M such that its exterior E(K) = M −IntN (K) is irreducible, and K is not isotopic to a simple closed curve on ∂M . Suppose that ∂M is compressible in M and is incompressible in M − K. In this section we will prove the following special case of Theorem 1.
Proposition 1 If K can be isotoped to α ∪ β, where α is an arc on ∂M , and β is properly
Proof. We construct a new version of the pair (M, K) as follows:
Let Y be the manifold obtained by adding a 1-handle H to M such that ∂β = ∂β, where β denotes the central curve of H. Let δ be an arc on ∂H with ∂δ = ∂α , where α = α ∩ ∂Y . Then c = δ ∪ α is a simple closed curve on ∂Y . Attaching a 2-handle to Y along the curve c, we get a manifold M which, in notation of [3] , can be written as
Note that c intersects once with a meridian disc of H. So the 2-handle will cancel the 1-handle H, and we have a homeomorphism
The pair (M , K ) is our new version of (M, K) because one can easily choose the above homeomorphism to map K to K, getting a homeomorphism of pairs (M , K ) ∼ = (M, K).
Let γ be the slope in ∂N (K ) corresponding to γ under the above homeomorphism. We have an induced homeomorphism (M , K ; γ ) ∼ = (M, K; γ).
From now on, we will denote by Q the manifold (Y, ) . In other words, the surgered manifold (M , K ; γ ) can be obtained by first doing surgery on (Y, K ) to get Q, and then attaching the 2-handle.
( Figure 1 ) Lemma 1.4 [6] . Let c be a simple closed curse on the boundary ∂X of a 3-manifold X.
If ∂X is compressible and ∂X − c is incompressible in X, then τ (X, c) has incompressible boundary.
Proof of Lemma 1.3. We need another version of Q.
is a solid torus with K as its central curve.
Denote by Suppose ∂Q − c were compressible. Let D be a compressing disc such that |D ∩ A|, the number of components in D ∩ A, is minimal. which is a union of B and a disc B in N (β), such that ∂B = β ∪ β , where β is a simple arc in ∂M with β ∩ α = ∂β . It follows that β is rel ∂β isotopic to β , and therefore K is isotopic to the simple closed curve α ∪ β on ∂M . This contradicts the assumption at the beginning of this section. 
Proof. Let α = B(T ) , and let β = (K − B(B)) ∪ B(L) ∪ B(R). It is clear that K
is isotopic to α ∪ β. The disk D can be perturbed off β, giving a compressing disk of
The remaining part of the paper is focused on finding a band B satisfying the conditions of Lemma 2.1.
Let Γ be a graph in D.
An arc e in Int D is called a nice arc in (D, Γ) if there are edges e and e of Γ connecting ∂e to ∂D, such that e ∪ e ∪ e , together with some arc in ∂D, bounds a disk with interior disjoint from Γ. If e is an edge of Γ, we also call it a nice edge. Sublemma. The lemma is true when t ≤ r. Let e 1 , . . . , e k be some edges of Γ 2 . They form a great x-cycle in the sense of [3] if
Proof. In this case K[s, t] ⊂ K[1, r]. (Note that we may have s > t). So there is
(1) they bound a disk in D 2 whose interior contains no vertices of Γ 2 ;
(2) they can be oriented so that ∂ + e i = ∂ − e i+1 and ∂ − e i has label x for all i = 1, . . . , k;
and (3) all the vertices ∂ ± e i are parallel.
We quote the following two facts, and refer the readers to Chapter 2 of [3] for notations and definitions that are not given here. n parallel boundary edges, or it has a vertex x such that the subgraph G 2 of Γ 2 consisting of all edges incident to x has the form illustrated in Figure 3 , with the following properties:
(1) The vertices u and v are antiparallel.
(2) Each interior edge has different labels at its two ends.
(3) If u and x are parallel, each label will appear at most once among the ends of the edges connecting x to u.
(4) There are no n parallel edges.
(Figure 3)
We label the points K ∩ D 1 so that the labels of G 2 look like that in Figure 3 . Let G 1 be the subgraph of Γ 1 corresponding to G 2 . It is the subgraph consisting of all edges with one end labeled x.
Lemma 3.3 If Γ 2 has no n parallel boundary edges, then G 1 has a nice edge.
Assuming this lemma, we proceed to prove Lemma 3.4 If Γ 2 has no n parallel boundary edges, then there exist nice bands B 1 , B 2 , in M , satisfying the hypotheses of Lemma 2.2 with m = n. That is, IntB 1 ∩IntB 2 = ∅,
Proof. Let e 0 be a nice edge of G 1 . Without loss of generality, we may assume that e 0 , when viewed as an edge in G 2 , connects x to u. (Otherwise reflect G 2 and relabel it).
Suppose the labels of ∂e 0 are r and s. By Lemma 3.2.(2), these lables are different, so we may assume r > s. Since e 0 is a nice edge, r and s are labels of some boundary edges of Figure 3) . There are two cases. 
Case 2. The label of E 0 at x is s.
Since s < r ≤ n, by Lemma 3.2. (2), u must be antiparallel to x (because the label r appears twice among the edges between u and x). Let e 1 be the edge connecting x to u with label t = n − r + s at x. Then it must have label n at x . Now take B 1 as in case 1, and let B 2 be the band between the arc e 0 and e 1 in P 2 (see Figure 4) . Extending them to B 1 and B 2 as in case 1, we get the required nice bands. 2
(Figure 4)
Before proving Lemma 3.3, we need some properties of the graph G 1 . These together imply that some face, say f 1 , is bounded by at most 3 edges. Facts 1 and 2 imply that f 1 can not be bounded by 1 or 2 edges, and Fact 3 asserts that the disc D in D 1 corresponding to f 1 can not lie in the interior. Let e 0 , e 1 , e 2 be the edges bounding f 1 , and let e 0 be the interior edge. Then e 1 ∪ e 0 ∪ e 2 , together with some arc in ∂D 1 , will bound the disc D which has interior disjoint from G 1 . It follows that e 0 is a nice edge in (D 1 , G 1 ). 2
Proof of Theorem 2. The theorem is stated in a general form, but we may assume that S = ∂M . Otherwise, consider the manifold M = M − (∂M − S). We can also assume that the exterior of K is prime (and hence irreducible). The reason is: If S is compressible in (M, K; γ), and W is a connected sum factor of (M, K; γ) containing S, then S must be compressible in W . So if E(K) is not prime, we may consider the prime factor containing S instead, and get the result ∆(m, γ) ≤ 1.
By Lemma 3.4, either Γ 2 has n parallel boundary edges or there are nice bands B 1 , B 2 satisfying hypotheses of Lemma 2.2 (with m = n). In the first case, the band in P 2 containing n parallel boundary edges can be extended to a nice band B satisfying the conditions in Lemma 2.1, while in the second case we can also construct such a nice band by Lemma 2.2. By the above remark, we may assume that S = ∂M and E(K) is irreducible. The theorem now follows from Lemma 2.1 and Proposition 1. 
